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Introduction

The conformations of neutral and charged brushes is a topic of
continuing interest, both experimentally’* and theoretically.*> In
this Note we will analyze theories based on the strong-stretching
limit of the self-consistent-field (SCF) equation (the polymer
propagator equation). For relatively unstretched chains the
Gaussian limit can be used which combined with the assumption
of a dilute brush leads to the prediction of a parabolic density
profile.>*® The end-density profile is relatively smooth and
peaks relatively far from the edge of the brush: its position is
~30% of the brush height away from the edge.

However, deviations from this dilute limit are well-analyzed
theoretically using numerical and analytical theories for neutral
brushes**'* and charged brushes.'®'® Numerically, lattice-based
implementations of the SCF equations, such as the Scheutjens—
Fleer algoritm,'>'®!'? naturally include finite-stretching correc-
tions as well as a description for volume exclusion that is also
valid in the nondilute limit. Therefore, neither densities nor
stretching degrees beyond unity are ever predicted, while the
parabolic density profile only results in the dilute, unstretched,
limit. Several analytical lattice-based SCF theories based on the
strong stretching limit for neutral brushes include both correc-
tions.”'""'22 These expressions show how at high grafting
density the density profile goes from a parabolic to a “block”
profile, while the end-density profile becomes extremely peaked
near the edge of the brush. The theories were applied to
polyelectrolyte brushes,?*?! brushes with concentration-depend-
ent interactions,'> and brushes immersed in a multicomponent
solvent.?

These lattice-based analytical calculations are very useful as they
show the essential physics of (strongly stretched) brushes. However,
because they are based on the assumption of a lattice, there are
also disadvantages. First of all, to observe in the theory the change
from a parabola to a block profile in polymer density, and the sharp
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peak in end-segment distribution, very high grafting densities are
required. This change in profile takes place between 60% and 80%
of the anchoring sites containing a grafting monomer. Conse-
quently, the polymer density is close to the maximum packing limit
almost up to the edge of the brush. These are conditions that are
not directly transferred to experimental parameter regimes. Indeed,
it would be useful to have an off-lattice (semi)-analytical theory.
In contrast to the lattice theories, in such an off-lattice theory
grafting densities are dimensional (in number of anchoring points
per unit surface area) and the Kuhn length (roughly speaking, a
measure of chain stiffness) can be varied independently of the size
of the monomers. In such a model we expect finite-stretching
corrections to show up at much lower grafting densities than in
the lattice approaches. Also, in the off-lattice approach we will
discuss, it is relatively straightforward to implement the interaction
of the brush with (mixtures of) ions and other entities (such as
protein molecules) with sizes different from that of the polymer
monomers.>>>* This is a useful extension of the theory, which
is not readily possible in lattice-based models.

However, a (semi)analytical SCF theory is not yet available for
continuum chains (except in the Gaussian limit). Because theoretical
investigations of nondilute brushes are becoming more important as
advances in surface polymerization nowadays make the production
and investigation of high-density brushes possible,” we develop in this
Note a continuum SCF model valid for dense and strongly stretched
brushes and show calculation results for polymer total density and
end-density profiles, both for neutral and for charged brushes.

Theory

The strong-stretching limit of the SCF equation is based on
assuming at each position in the brush [that is, at each position
above the grafting interface; we take a mean-field approach in the
lateral direction] the validity of the following equality’®

V(h) = V(x) = u(@(x)) — u(p(h)) ey

where V is the “stretching” or SCF potential which is a function
of distance from the interface, x, with & the brush height. Both
x and h are dimensionless, scaled with the chain contour length
[only monodisperse brushes are considered], 0 < x < h < 1.
For simple one-component solvents the constant u(¢p(h)) is
usually chosen equal to zero, but in a more complex solvent
this term cannot be omitted.”> The mean-field interaction
potential # depends exclusively on the local interactions in the
brush and does not depend on the conformational properties of
the brush chains. It has many contributions including volume
exclusion, enthalpic interactions, and electrostatics. In contrast,
the SCF potential V(x) does not depend on the local interaction
inside the brush but characterizes the conformational properties
of brush chains. It is different for the Gaussian model for chain
stretching compared to models that include finite extensibility."?

For relatively unstretched brushes, the potential V(x) is described
by the Gaussian limit, which is given (per unit chain length) by>¢®
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where k is the Kuhn length.

Before discussing u(¢), let us first give the overall mass balance

given by

oe=['¢dx 3

where o is the grafting density (in numbers per unit area) and
¢ the brush volume per unit chain length. If we describe the
brush as a flexible cylinder with diameter d, then & = 7/4+d?,
and if we model it as a string-of-touching spherical beads, ¢ =
7/6+d?> where d is the sphere diameter.

Now, in general we can describe p(¢) as an expansion

wp)=vp+we’ + ... 4
where v is the second virial coefficient and w the third
coefficient. Also in the case of charged brushes it is possible to
describe u as a polynomial function of the local density ¢, but
only as long as local electroneutrality can be assumed.

For completeness we give the solutions for polymer density
profile ¢(x) and end-density g(x) using for V the Gaussian result
given by eq 2 and with u given by eq 4, with terms beyond w¢?
omitted. We discuss (1) the case that v = 0 and w = 0 (dilute
limit or athermal case) and (2) the case that v = 0 and w = 0
(polymer in a ®-solvent).

For the athermal situation (w = 0), we obtain for brush
height®!315

3

=, Joe 2y )
3
and for ¢(x) the well-known parabolic profile, given by®'*'°
37,
P) =g (=) (6)
The end-segment density distribution, g(x), is given by®'3~'?
_1 4_7T2 NPER
8= VX @)

which peaks at x = 1/+/2h ~ 0.71h.

For the ®-solvent (v = 0) and with only the third virial
coefficient w assumed nonzero, the results are somewhat different;
namely, the brush height is given by'®

8oe  [2wk
h= ] —A/ — ®)
V 2 3

while the polymer density profile follows an elliptical profile,
given by'”

2
P00 = g 3 =) ©

and the end-density distribution linearly increases with x (ref
15) and peaks at the edge of the brush, g(x) = cx, with the
prefactor ¢ given by ¢ = (7*/40¢€)[3/(2wk)]">.

Now, eqs 2 and 4 cannot be used for dense or strongly
stretched brushes because then ¢ > 1 is predicted and/or i >
1. Also, in both cases, the (end-)density profile remains invariant
with grafting density and values for v and w. In reality, at high
density, leading to strong stretching, the density profiles change,
deviating more and more from a parabolic profile, with end-
density profiles becoming more and more peaked.

To describe these effects in an off-lattice model we introduce
two novel elements. First of all, we extend the Gaussian stretching
model, eq 2, to account for finite-stretching for continuum (off-
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Figure 1. Stretching potential as a function of the distance relative to the
chain contour length (CL). Comparison of empirical eq 10 (blue line),
with exact solution of the continuum model from ref 11 (diamonds)
evaluated up to x'°°. Gaussian limit given by eq 2 can be used up to
x ~ 0.4.

lattice) chains. Second, we use an off-lattice expression for
volume interactions between polymer chains, envisioned to be
made up of spherical beads.

Strong stretching in a continuum model was analyzed in refs
11 and 20. Unfortunately, no simple analytical result is available
for the SCF potential V for a strongly stretched continuum chain.
However, fortunately, it is possible to derive the Taylor expansion
of V. It turns out that only even powers in x are required (x2, x*,
etc.). The correct prefactors Vi for the x?* terms (k = 1, 2,...) are
given in Table 1 of ref 11, which start at the Gaussian value of V,
= 3/8-7% and go down gradually to level off at a value slightly
above 2. In this table the first 30 prefactors are given (required up
to x%0). For the present paper we analyzed the expansion up to
x1990 and found that the prefactors very closely approach 2 (the
prefactor Vsgg for x19% is calculated as 2.002). This more complete
expansion is important to consider for stretching degrees x > 0.9.
Since the exact expansion'' is not very convenient for analysis, a
more simple empirical expression

Z—L—t)c2
V(x)=2x—2 > (10)
k 1=y

will be considered here.

We used the expansion of ref 11 as a benchmark to verify the
SCF potential of eq 10. In Figure 1 results of eq 10 (blue line)
are compared with the results of the expansion given in Table
1 of ref 11 (diamonds), expanded up to x'°%°. The factor
2x%/(1 — x?) correctly takes into account the limit V; — 2."" It
must be noted that the empirical eq 10 does not have the first
term correct. Instead, expanding eq 10 in terms of x* gives for
k = 1 a prefactor of 4, which theoretically is required to be
3/8+7* ~ 3.70. However, this error hardly matters for realistic
modeling because the actual error made, either absolutely (in
kgT) or relatively, is very small. Indeed, across all possible
values of the height and the potential V (4 orders of magnitude
considered), Figure 1 shows that eq 10 represents a very accurate
description of the exact continuum model and agrees very well
with the Gaussian model at low values of the distance x.

To describe polymer volumetric interactions, we take an ap-
proach that is based on the Carnahan—Starling (CS) equation-of-
state from liquid-state theory for hard-sphere mixtures. To apply
these theories to polymers, we need to replace in the description
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Figure 2. Profiles of the total polymer density, ¢(x), and end density, g(x), vs distance scaled to contour length, x, as a function of grafting density, o (k
= d = 1 nm) for the neutral brush model based on the strong-stretching limit of the SCF equation including corrections for finite stretching and high
polymer density. Values for g(x) are scaled with the grafting density, 0*3. Symbols are MD results from He et al.'*
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Figure 3. Profiles of the total polymer density, ¢(x) (blue, left axis), and
end density, g(x) (pink, right axis), as a function of Kuhn length k for
neutral brushes (d = 1 nm, ¢ = 0.2 nm2). The end distribution is scaled
with k%3,

the polymer chain as a string of spherical beads.*** These spheres
do not necessarily need to be “touching”, but this will be
assumed from this point onward. Thus, per chain of contour
length CL we have a number of CL/d beads, where d is the
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bead diameter. The assumed bead diameter does not have to be
equal to the monomer length but can be used as a measure of
the specific volume of the polymer chain. When the theory is
used to describe simulations with hard-sphere polymers'* we
should ideally set d equal to the size of the spheres in the
simulation. The bead diameter is also not necessarily equal to
the Kuhn length k, which can be independently varied. Now,
to apply the liquid-state theory for polymers, we must make
one modification, namely, to leave out the polymer segment
concentration from the entropic factor, &y. [For short chains,
we can make a modification and count each chain once in &,
but this will not be done here.] This is analogous to the approach
in Flory—Huggins (lattice) theory where (for sufficiently high
N) also the entropic contribution to the interaction between
chains becomes zero.
This approach results in the following expression for u(¢) due
to volumetric effects
2
#(¢)'d=¢% +in(1 - ¢)=

W44l +2-21"Ygt =60+ 277¢2+ .. (11)
A=1...0

where the diameter d is implemented to define u as the potential
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Figure 4. Profiles of the total polymer density, ¢(x) (blue, left axis), and end-density, g(x) (pink, right axis), for polyelectrolyte brushes (d
= 1nm, k= 1nm, 0 =0.1 nm™2). (a) As function of charge o for fixed ionic strength (y = 1/a). (b) As function of ionic strength via charge

parameter y (o0 = 1 nm™).
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per unit chain length, required for it to be applicable in eq 1.
Note that this somewhat awkward expression is simply a direct,
explicit, relation for u(¢) as a function of local concentration
¢, which can thus be expanded in ¢, giving a more familiar
expression, with the first virial coefficients given by v = 6 and
w = 13.5. Note that a similar expression is applied to polymers
in ref 23 (eq 15), but there the polymer segments were
erroneously not excluded from &j. Consequently, the resulting
expression is the standard Carnahan—Starling result for the
contribution of excluded volume to the potential of “free”
spheres in a monodisperse mixture. To obtain eq 11 as given
above, an additional term —¢/(1 — ¢) + In(1 — ¢) needs to be
added to eq 15 of ref 23.

To eq 11 we can add an enthalpic term, such as —2y¢, which
we will not consider, and an electrostatic contribution, ¢,
which we will analyze next. When the polymer is charged and
has volume, first of all an osmotic, or ion pressure, term must
be added, given by*

‘uionpressure((b).d = 2nooUbead(COSh y—1) (12)

where 7., is the ionic strength of the background salt solution
with dimension one over volume, vpeaq the bead volume, given
by Upeaq = 7/6+d?, and y the local dimensionless electrostatic
potential (multiply y by the thermal voltage kg7/e to obtain the
dimensional voltage). Equation 12 is based on ions of zero
volume, which are unable to penetrate the volume, ¢, that is
occupied by polymer. If the ions are assumed to permeate all
space, eq 12 must be left out of the theory. In this paper we
will only consider monovalent ions of zero volume, though the
extended CS approach makes it straightforward to implement
nonzero ion volume and other absorbing spherical species (see
refs 23 and 24).
Next, the electrostatic contribution to 4 is given by*®

elec _

u zoy (13)
for polymer with a fixed charge o (per unit length), where z is
the charge sign of the chain (we only consider pure polycations
or polyanions here) and o defined as a positive number. Note
that y will vary over the brush coordinate, as will be explained
below. For ionizable polymers we can describe a by*’

S T 14
&= 1+ loz(pH*PK)ezy (14)
where pH is the background pH and pK the intrinsic pK value,
a thermodynamic number not influenced by ionic strength or
pH. Equation 14 only considers the (de)protonation equilibrium
of the chains and excludes adsorption of other ions, while it
considers purely acidic or basic chains for with only a single
proton can be attached/released per ionizable group (i.e.,
multivalent and/or zwitterionic sites are not considered). The
magnitude of the maximum charge per unit length is given by
0. In the case of ionizable (annealed) brushes, u°c is given
by?*

1 =0 ln(l - &) (15)
%

To obtain the electrostatic potential, y, local electroneutrality will
be assumed at each position. Note that instead of assuming local
electroneutrality, it is also possible to use the full Poisson—Boltzmann
equation in the brush model,> but in that case analysis of the end-
density profiles is no longer possible, at least not in the manner as
will be explained below. Local electroneutrality requires

2n,(1 — ¢) sinh y = zod ¢ (16)
bead

where the term 1 — ¢ exactly follows from the extended CS
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models if the ions are volumeless. The term can be left out if
the ions are assumed to be able to permeate all the space in the
brush. In that case, eq 12 must be omitted as well.

In this Note we only consider polymer with fixed charge. In
that case we can combine eqs 12, 13, and 16 to obtain

) o =, /(ﬁ)z Fy oyt asinh{y*‘ ﬁ} (17)

where the parameter y is given by

2nooybead
Y=E"od (18)
At very low ionic strength or high charge, y <1 and eq 17

simplifies to

o=l [2 ¢
u@ya =Pl 0] (19)
The dimensionless charge parameter y increases linearly with
ionic strength and is inversely proportional to chain charge
density o. For zero charge a, or a very high ionic strength 7,
the parameter y goes to infinity, y = oo, and the potential x of
eq 17 is zero, and as expected the neutral brush results.

To calculate the polymer density profile, ¢(x), the above
equations suffice. In particular, the expression for V from eq 10 is
inserted in eq 1 as well as expressions for u(¢) as given in the
most general case by the summation of eqs 11 and 17.
Subsequently, eq 1 is solved at each position in the brush under
the constraint of overall mass conservation as given by eq 3.

Next we can calculate the end-density profile g(x) which is a
bit more convoluted. We use the method as given in ref 11 (namely
eq 13 there) which (slightly modified) gives g(x) as

_ LAV pede

g oe dx Jo dv

(20)
where ¢ is the volume per unit chain length as explained above.
The second term, dV(x)/dx, simply follows from differentiation
of eq 10 and is given by

25— 4 +5

dVx) _8 x
koa—-xy

dx

8
3 2n

The upper integration limit, x*, follows for each value of x
implicitly from the equality

V(x*) = V(h) — V(x) (22)

with the required expressions for V from eq 10. The argument
within the integration term, d¢/dv, is the most complicated to
solve. The integration parameter v equals v = V(h) — V(x) —
V(x"), and when executing the differentiation d¢/dv, both V(h)
and V(x) are constant. The procedure is to use v as the left-
hand side of eq 1, insert the required expressions for u(¢) on
the right-hand side, and execute the differentiation d¢/dv. This
is only possible analytically for very simple relations between
u and ¢, and therefore we will make use of the evident formula
do/dv = 1/(dv/dg).
Based on eq 11 for neutral brushes dv/d¢ is given by

dv _16+3¢p—4¢’+¢’
o d (1-¢)

which we insert in eq 20 (note that numerator and denominator
need to be flipped around). At each x' we numerically find the
required ¢ from the implicit expression v = u, which we give
for completeness, and is given for neutral brushes by

(23)
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d{ (1—¢)

For charged brushes, the additional contribution to dv/d¢ follows
from eq 17 and is given by

W ==V +,2 "

6= -5 ) 25)
which for low y (low ionic strength or high charge) simplifies
to dv/dgp = - (1 — ¢)"2+¢~!. The additional term required in
eq 24 equals o times the right-hand side of eq 17.

Results and Discussion

Results for neutral brushes are given in Figure 2 and are based
on a Kuhn length of £k = 1 nm and a bead size of d = 1 nm.
Also shown are results of molecular dynamics simulations by
He et al.'"* which are based on a bead size of unity (dimension-
less units) and an average distance between adjacent beads of
a = 0.97 using N = 64 or N = 128 beads in the simulation.
These simulations are similar to those of ref 10 but done for
higher grafting density (in ref 10 the highest grafting density is
0.20 nm™2 assuming a sphere size of 1 nm). To correct for the
difference in the simulations between a and d (required to make
our calculations applicable to the MD results), we divided the
distance coordinate in their work by a.

The MD simulations show the typical features (not contained
in our theory) of a depletion layer near the grafting surface and an
extended tail in the density profile. Despite these differences, the
agreement between theory and MD simulation is remarkably good,
taking into account that the theory does not contain any fitting
parameters. First of all, the values for the brush heights that are
obtained agree very well. Second, the increasing deviation from a
parabolic profile with higher grafting density as obtained in the
simulations is very well reproduced in the theory, though the MD
data show a slightly more pronounced “block™ profile (defined by
a flat profile in the bulk of the brush and a steep decrease in ¢
near the edge). This is also the reason why the prediction for the
end distribution g(x) is not perfect either. Certainly at the lower
grafting densities of o equal to 0.20 and 0.32 nm™2, the theoretical
profile is much less peaked than the g(x) profile obtained from the
MD simulations. Interestingly, at the higher grafting densities of
o = 0.46 and 0.49 nm™2, the agreement in g(x) profiles becomes
rather exact (note that for 0 = 0.49 nm~2 one MD data point at
g(x) = 3.16 is not shown in Figure 2b).

In Figure 3 we show results of the continuum theory for the
influence of Kuhn length on the predicted (end-)density profiles.
This is interesting to consider because in the lattice-based SCF
models the Kuhn length cannot be varied independently of
particle (lattice) size. This is possible in the present continuum
model. Results are as predicted, with for higher Kuhn length
more extended profiles with a more peaked end-density distribu-
tion.

Now that the continuum theory has been applied successfully
to describe neutral brushes, it is possible to extent its application
range to polyelectrolyte brushes. To that end we analyze for the
relatively low grafting density of o = 0.10 nm~? the effect of the
charge a and charge parameter y on brush profiles in Figure 4.
Note that for a given o a change in y corresponds to a change
in ionic strength. Thus, from this point we will treat y as a
measure of the ionic strength. As expected, with increasing
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charge o the density profiles expand and become more similar
to a block profile. Now, a decrease in y might be expected to
give a similar result. However, with decreasing ionic strength
the brush expansion is much less pronounced, and we do not
go toward the block profile. Instead, a long tail in the density
profile develops with decreasing . This difference was also
reported clearly in ref 17 where they used a Gaussian stretching
potential and a lattice-based expression for volumetric interac-
tions, and assumed that the point ions could permeate the full
brush volume. End-point distribution was not yet reported there.
Here we report this end-point distribution as well and show that
with increasing charge o the position of the maximum in the
end-point distribution shifts toward the edge of the brush (from
14% from the edge at a = 1 to 4% at a = 9), while with
decreasing ionic strength, v, the position of the maximum in
the end-point distribution shifts away from the edge (14% at y
= 1 to 34% away from the edge at y = 1073), while the end-
point distribution also develops a very nonmonotonic profile.

A comparison of the theoretical results with MD simulations for
charged brushes?®*’ shows that the almost flat density profiles in
the bulk of the brush obtained in MD simulations are not
completely reproduced by our theory.

Conclusions

We presented a semianalytical theory for neutral and charged
monodisperse brushes under the strong-stretching limit of the self-
consistent-field equation including corrections for finite stretching
and nondilute conditions. We already find peaked end-density
distributions at experimentally accessible grafting densities such
as 0.2 nm™2. For neutral brushes we obtain almost quantitative
agreement with molecular dynamics simulations by He et al.'* at
sufficiently high grafting densities. For charged brushes we show
that increasing charge and decreasing ionic strength have very
different effects on the end-density distribution, the maximum of
which moves toward the edge of the brush with increasing charge
but moves away from the edge when the ionic strength is decreased.
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